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GLOBAL EXPONENTIAL PERIODICITY FOR THE
DISCRETE ANALOGUE OF AN IMPULSIVE HOPFIELD
NEURAL NETWORK WITH FINITE DISTRIBUTED DELAYS

H. AKCA*, V. COVACHEV!, Z. COVACHEVA! AND S. MOHAMADS

Abstract. The discrete counterpart of a class of Hopfield neural networks with pe-
riodic integral impulsive conditions and finite distributed delays is introduced. The con-
tinuation theorem of coincidence degree theory is used to obtain a sufficient condition for
the existence of a periodic solution of the discrete system considered. By introducing an
appropriate Lyapunov functional a sufficient condition is obtained for the uniqueness and
global exponential stability of the periodic solution.
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impulses, global exponential periodicity.
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1. Introduction. A neural network is a network that performs
computational tasks such as associative memory, pattern recognition, opti-
mization, model identification, signal processing, etc. on a given pattern via
interaction between a number of interconnected units characterized by simple
functions. From the mathematical point of view, an artificial neural network
corresponds to a nonlinear transformation of some inputs into certain out-
puts. Many types of neural networks have been proposed and studied in
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the literature and the Hopfield-type network has become an important one
due to its potential for applications in various fields of daily life. The model
proposed by Hopfield, also known as Hopfield’s graded response neural net-
work, is based on an analogue circuit consisting of capacitors, resistors and
amplifiers.

Hopfield neural networks have found applications in a broad range of
disciplines (8, 9, 10] and have been studied both in the continuous and dis-
crete time cases by many researchers. Most neural networks can be clas-
sified as either continuous or discrete. In spite of this broad classification,
there are many real world systems and natural processes that behave in a
piecewise continuous style interlaced with instantaneous and abrupt changes
(impulses). Periodic dynamics of the Hopfield neural networks is one of the
realistic and attractive modellings for the researchers. Signal transmission
between the neurons causes time delays. Therefore the dynamics of Hop-
field neural networks with discrete or distributed delays has a fundamental
concern.

In the present paper, we introduce the discrete counterpart of a class
of Hopfield neural networks with periodic integral impulsive conditions and
finite distributed delays. We apply the continuation theorem of coincidence
degree theory to obtain a sufficient condition for the existence of a periodic
solution of the discrete system considered. By introducing an appropriate
Lyapunov functional we derive a sufficient condition for the uniqueness and
global exponential stability of the periodic solution. For works proving the
existence of a periodic solution of differential and difference equations by
the coincidence degree theory the reader can see [3, 4, 5, 6, 12, 13, 14]. In
particular, in [14] the existence of a periodic solution of Hopfield-type neural
network with impulses is proved. In [18] one proves the existence of a periodic
solution of a discrete-time analogue of a bidirectional associative memory
(BAM) neural network with periodic coeflicients and finite distributed delays
without impulses.

2. Statement of the problem. Main results. We consider a
class of Hopfield neural networks with periodic integral impulsive conditions
and finite distributed delays, which are formulated in the form of a system
of impulsive delay differential equations
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(1) d:; = —ai(t)$i(t) + Zbij(t)fj (‘/Ow g,-j(s)a:_.;(t - S) ds) + I,‘(t),
t # tk1
(2) A:z:,-(tk) =x; (tk -+ 0) - :L‘i(tk)
= —vaZi(tx) + Z B ®; (/:) Cij (8)z;(te—s) ds) + ayk,

i=1,m, k€L,

where m is the number of neurons in the network, z;(t) is the state of the
i-th neuron at time ¢, a;(t) > 0 is the rate at which the 4-th neuron resets
its state when isolated from the system, b;;(t) is the synaptic connection
weight from the j-th neuron to the i-th one, f;(-) are signal transmission
functions of the j-th neuron, w is the maximum transmission delay from one
neuron to another, g;;(-) and ¢;;(-) are nonnegative delay kernels, I;(t) is the
external input to the i-th neuron, t; (k € Z) are the instants of impulse effect
which form a strictly increasing sequence, ;. (i = 1,m, k € Z) are positive
constants.

We assume that the above system (1), (2) satisfies the following pe-
riodicity conditions: a;(t), b;;(t), I;(t) are w-periodic in #; tryp = & + w,
Yik+p = Yik> Bijrtp = Bijk, Qiktp = ix. Without loss of generality we can
assume that

0<t <ty <--<tp<w.

The Hopfield neural network (1) is similar to the bidirectional associative
memory neural network considered in [18].

We can consider the system (1) for ¢ > 0, the impulse conditions (2) for
k > 0, with initial conditions

(3) zi(s) = ¢i(s) for se€l-w,0], i=1m,

where the initial functions ¢;(s), ¢ = 1,m, are piecewise continuous with
points of discontinuity of the first kind at t_p11, t—pt2,--. , t-1, to. To find an
w-periodic solution of system (1), (2) means to determine the initial functions
¢:(s) so that the solution of the initial value problem (1), (2), (3) is w-
periodic.
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Combining some ideas of [16, 1, 18] we shall formulate the discrete coun-
terpart of system (1), (2). For a positive integer N we choose the discretiza-
tion step A = w/N. For the moment we assume N so large that

h< mig_(tk_‘q — tk).
k=1p

Then each interval [nh, (n + 1)k] contains at most one instant of impulse
effect tr.

For convenience we denote n = [t/h], the greatest integer in t/h, and
m = [tr/h]. Clearly, we will have ny, = nx + N for all k € Z.

Let n € Z, n # ny. This means that the interval [nh, (n + 1)h] contains
no instant of impulse effect 2.

We approximate the integral term in (1) by a sum:

w N
/0 9i5(8)z;(t — 8)ds & Y _ gi;(eh)z; ((n — E)R) p(h),

=1
where ¢(h) = h + O(h?).

Next we approximate the differential equation (1) on the interval [nh, (n+
1)A] by

d.’L‘.,'
at

m N
+ai(rh)zi(t) = Li(nh) + ) bi;(nh)f; (Z gi5(Lh)z; ((n — £)R) @(h)) -
=1

£=1

We multiply both sides of this equation by exp (a;(nh)t) and integrate
over the interval [nA, (n + 1)A]. Thus we obtain

(4) z:((n+1)h) —zi(nh) = — (1 - e~ %Mk . (nh)

1 — e—ai(nh)h

o) { Ii(nh) + ; bij(nh) f; (l}::l 95 (€h)z; ((n — £)R) ga(h)) } .

Henceforth by abuse of notation we write z;(n) = z;(nh) and define
Azi(n) = zi(n+1) — z;(n) (¢ = T, m, n € Z). For convenience we adopt the
notations:
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Ai(n) = 1— %0 (i =T'm, n € Z\ {m}rez),

I 7L) = ———'———*( ) I ’Ilh i=1,m, n S Z Nk ke
i i 3 by 3
1 e—a,-(nh)h

bij(n) ——-—a—'—(—;ﬁj—-bu(nh) ('t,] = f;n—, n€z \ {nk}kez),
9(8) = g(h)p(h) (4,5 =1,m, £=1,N).
Clearly, we have 0 < A;(n) < 1. In particular, if a;(¢) < 1, then

With the above notation equation (4) takes the form

m N
(5) Awi(n) = —Am)zi(n) + Ln)+ ) bi;(n)f; (Z 9i;(£)zi(n — f)) ;
=1 =1
1= m, n -‘,é Ng.

Next, for n = n;, the interval [nh, (n+1)h] contains the instant of impulse
effect t,. On this interval we approximate the impulse condition (2) by

(6) Azi(ng) = —vami(mx) + aa + 2"‘: B ®; (i Cij (é):cj(nk—-f)),
i=1I,m, &k eJZ -
where
cii(0) = ciy(Eh)p(h) (1, =T,m, £=1N).

For uniformity of notation we define

Ai(ng) = vir,  Li(me) = cix (i=1,m, k € Z).

Now the difference system (5), (6) can be written in operator form as

(7) Az = Hzx,
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where

(8) (Hx),(n) = —A,(n)x, (n) + I,('n.)

ji::l bij(n)f; (; gii(£)z;(n — Z)) , M M
jzil Bijk(I)j (g qj(l)xj(nk - f)) 3 n = n.

We can consider the system (7) for n > 0, with initial conditions

9) z;(f) = ¢;(f) for £=0,-1,...,—N, i=1,m,

where ¢(€) = (¢1(£), 2(8), - .. ,dm(€))¥, £=0,—1,... ,—N, are given initial
vectors. To find an N-periodic solution of system (7) means to determine
the initial vectors ¢(£) so that the solution of the initial value problem (7),
(9) is N-periodic.

In order to formulate our assumptions, we need some more notation:

In={0,1,..., N -1},

N-1
A= %JDVA,(H), A= gA,(n), i=1,m.
Now we introduce the following conditions:
H1. A;(n + N) = Ai(n), L(n + N) = Li(n) for i =1,m, n € Z;
ng € Zforallk € Z and Nktp = ng+N; b,-j(n+N) = b,-j(n) (n # 'nk),
Bijk+p = Biji (k € Z) for i,j =1,m.
H2. A, >0, A <1fori=1m.
H3. The functions f;(-), ®;(-) (j = 1,m) are Lipschitz continuous on R,
that is, there exist positive constants M; and L; such that

i) = i)l < Mjlz —yl,  |25(z) — ®;()| < Ljlz — o]

forall z,y € R
H4. g;;(£) >0, c;j(¢) > 0for4,j=1,m,£=1,N.
We again introduce some notation:

T,' = maxlI,(n)|, 1=1,m,
nely
bi; = sup |bis(n)|, By =max|Byl, 4,j=1m.
n#ny =1,p
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N-1
For an N-periodic sequence v(n) we denote 7 = & »_ v(n); fori=1,m

n=0

(10) d=T+Y blfiO), A =Ti+)_Bil®;0)l,

=1 j=1

1

pi =[N —p)pi+pof)/N=T + Z (N — p)bi;| £5(0)] + pBij|®;(0)|] -

2|

Next we denote

Mj = ma.x{L_,-, Mj}, j = L—m,

N N
Gi=Y 050, Cy=) cs®), ii=1m
£=1 =1

Bi; = max{bj, Bi;}, Gy =max{Gi;, Cij}, 1]

Im$
1, m.

We introduce the m x m matrices

Il

o (AQ-A) . — m
e A=ds (TS-—N—A.)-’ i 1=m) 1 B=AByM Gl

Next we introduce the conditions
m

H5. 1111_11 (.r;'i.. - M; Z Bj,-g,-,-) > 0.
i=lm =1
H6. A, > M; Y B;iGj fori=Tm.
j=1

H7. The matrix A — B is an M-matrix (see [2, 11]).

Clearly, condition H6 implies H5 but the converse is not true. Condition
H7 means that the matrix A — B is nonsingular and its inverse has positive
entries only.

Now we can state our main results as two theorems which will be proved
in the next two sections.
Theorem 1. Suppose that conditions H1-H5, HT hold. Then the equation
(7) has at least one N-periodic solution.
Theorem 2. Suppose that conditions H1-H4, H6, H7 hold. Then the N-
periodic solution of (7) is unique and globally ezponentially stable.



60 H. AKCA, V. COVACHEV, Z. COVACHEVA AND S. MOHAMAD

3. Proof of the existence of a periodic solution. We shall prove
Theorem 1 using Mawhin’s continuation theorem [7, p. 40]. To state this
theorem we need some preliminaries:

Let X, Y be real Banach spaces, L : DomL C X — Y be a linear
mapping, and H : X — Y be a continuous mapping. The mapping L will be
called a Fredholm mapping of index zero if dimKer L = codimIm L < +oco
and Im L is closed in Y. If L is a Fredholm mapping of index zero and
there exist continuous projectors P : X — X and Q : Y — Y such that
ImP=KerL, KerQ=ImL=1Im(I - ®), then the mapping L|pom LrKerp :
(I — P)X — Im L is invertible. We denote the inverse of this mapping by
Kp. If Q is an open bounded subset of X, the mapping H will be called
L-compact on Q if QH(Q) is bounded and Kp(I — Q)H : § — X is
compact. Since Im @ is isomorphic to Ker L, there exists an isomorphism
J:Im@ — Ker L.

Now Mawhin’s continuation theorem can be stated as follows.

Lemma 1. Let L be a Fredholm mapping of indez zero, let Q C X be an
open bounded set and let H : X — Y be a continuous operator which is
L-compact on Q. Assume that the Jollowing conditions hold:

(a) for each A € (0, 1), z € 8QNDom L, Lz # AHz;

(b) for each z € QN Ker L, QHz # 0;

(c) deg (JQH, QN Ker L, 0) # 0, where deg(-) is the Brouwer degree.
Then the equation Lz = Hzx has at least one solution in QN Dom L.

It is much easier to apply this lemma to difference equations than to
differential equations since in the former case all spaces are finite dimensional.

Before we proceed further, we shall recall the definition of Brouwer degree
[15].

Suppose that M and N are two oriented differentiable manifolds of di-
mension 7 (without boundary) with M compact and N connected and sup-
pose that f : M — N is a differentiable mapping. Let Df(z) denote
the differential mapping at the point z € M, that is the linear mapping
Df(z) : To(M) — Ty)(N). Let sign Df(z) denote the sign of the deter-
minant of Df(z). That is the sign is positive if f preserves orientation and
negative if f reverses orientation.

Definition 1. Let y € N be a regular value, then we define the Brouwer
degree (or just degree) of f by

deg f := Z sign D f(z).

z€f~(y)

It can be shown that the degree does not depend on the regular value y
that we pick so that deg f is well defined.
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Note that this degree coincides with the degree as defined for maps of
spheres.

Let us choose X = Y = {z(n) = (z1(n), z2(n), . - xm(n))T : z(n+N) =
z(n), n € Z}. If we define |z:| = max |z:(n)|, |lz]l = Z |z}, then X is a

Banach space with the norm || - ||. For z €X let He be defined by (8),
Lz = Az and

Pr=Qz=3%=(&,%2, - %m) -
Then KerL = {z € X: h E R™} (vectors with components in-
dependent of n), ImL = {a: €X: E zi(n) = 0,4 = 1,m} is a closed set

in X, and codimL = m. Thus L is a Fredholm mapping of index zero. It
is easy to see that P and @ are continuous projectors and InP = Ker L,
ImL =KerQ =Im (I — Q), and H is L-compact on Q for any bounded set
Q) ¢ X. Moreover, in condition (c) of Lemma 1 the isomorphism J can be
taken as the identity operator I.

Now we will derive some estimates for the solutions z of the operator
equation Lz = AHz for A € (0, 1), that is,

(12) Az;(n) = MHz)i(n), ne€ly, i=1m.

First from (12) and (8) for n # n; we obtain

|Azi(n)] < Ai(n)lz:(n)] + |L(n)| +

Z bij(n)f (Z 9:;(&)z;(n — E)) l

j=1

m N m
< Azl + T+ > B M; Y gis(D)lzi(n — O] + > Bl £5(0)]
=1 =1 j=1

< Ayl + g+ D by MGyl
j=1

< Ai(n)lz| + o+ D BiyM;Gislas),
J=1

where p} was introduced in (10).
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Similarly, for n = n; we have

|ATi(ne)| < Ai(ni)|zi(na) |+ | Li(n) |+

m N
> Bix(n)®; (Z cij(f)z;(ne — 5))

j=1 £=1

< Ai(m) i) + T; + ZB,,L Zc,,(e)m(nk -0+ ZB,]]<I> (0)]

m
< Ai(m)lmi] + pf + ) Bi;L;iCijlxj|

ji=1

m
< Azl + o} + Y BijM;Gijla;).
j=1
From the above inequalities we obtain

N-1 m
Z |Az;(n)] < Z{Ixil + (N - p)p + pp! + NZ BijM;Gij|x;]
n=0 J=1
or
N-1
(13) Z |Azi(n)| < Ailzi| + Npi + NZB“JM G515
n=0 Jj=1

Adding together all equations of (12) for n € Iy, we obtain

N~1
th )zi(n) = ZI n)+Z {Z bii(n) f; (Zgu'(f)wj("—f))

n= n=0 £=1

P N
+ Y Bip®; (Z ei5 () (e — 3)) } ;
k=1 =1

where by definition

Zlv(n) = 2—: v(n) — Zv(nk)
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=v(0)+---+v(n—D+v(n+1)+- - -+v(n, — 1) +v(ny,+1)+- - -+ v(N-1).

Then as above we obtain

N-1

) An)zi(n)

n=0

(14)

< Npi+ N ) BiiM;Gijlz;|.
i=1

Now we shall use the following lemma (see (5, 17}).
Lemma 2. Let v : Z — R be N-periodic, i.e., v(n + N) = v(n) for any
n € Z. Then for any fized v1,v, € Iy and any n € Z we have

N-1 N-1
() = Y Ju(k +1) — v(k)| < v(n) < v() + Y |o(k +1) — v (k).
k=0 k=0

According to Lemma 2 for arbitrary n, vy, € Iy we have

N-1 N-1
zi(v2) = Y |Azi(m)] < mi(n) < 2:(n) + Y 1Az(n)].
n=0

n=0

We multiply these inequalities by A;(n) and sum up over Iy to obtain

N-1 N-1
Azi(vn) — A Y |Azi(n)] < Ai(n)zi(n)
n=0

n=0
. N-1
< Azi(n) + A |Azi(n)|.
=0

From the last two inequalities we deduce

¥ awmm)  wes

—zi(n) < —‘"i—z—f“*— + Z |Az;(n)],
1 n=0
N-1
Z A1(n)x,(n) N-1
11’),'(1/2) < n_=(_)_____z_____ + Z |Aa¢,(n)[
* n=0

Let |z;(v)] = |zi) = né%}x]x,(n)] If z;(vp) > 0, we choose v5 = vp. Then
n€ly
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Alail = Ailm) < _f—.(zm)x,(n)) 4 18a(n)
< ;zAxn)x,(n) + 4, Az,

If z;(10) < 0, we choose v, = 1y,

Alnl = —Az(n) < A‘ ( ZA n)x,(m) A4, Z |Adi(n)
< Zﬂm(n)x,(n) Z Ai(n)].
Thus in both cases we have ; :
Aol <~ Igm(n)zi(n) 4, Iﬁ: Ai(m).

Making use of the estimates (13) and (14), we obtain

1 m
Ailzi| < {Npi + NZBijM:igi.‘ille}

j=1

+A; {Z,lm,l + Np; + NZB{ijgijile}

=1

= AAilzi| + (14 N4) (Pi +y Biijgz’jl-Tj’)

j=1
or
(15) Al — )| | — iB-J\/{ Gislzi| < pi.
1+NA z; p 1) JI 13l =
If we introduce the vectors [z| = (|z1], ... , [zm])T and p = (p1,- - , pm)7,

then the system of inequalities (15) for ¢ = 1 m can be written in a matrix
form
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(16) (A- B)lz| < p,

where the matrices A and B were introduced in (11). By virtue of condition
HT7 the inequality (16) implies

|| < (A~ B)'p.

If (A— B)'p=(C},Cs,...,Cr)T, this means that the components of
each solution of Az = AHz satisfy |z;| < C!. If we denote C* = ) C7, then

i=]1
each solution of Az = AHz satisfies ||z]| < C*.

Now we take Q = {z € X : ||z|| < C}, where C > C* will be chosen
later. Obviously Q satisfies condition (a) of Lemma 1.

Now let £ € QN Ker L = Q2 NR™, i.e., z is a constant vector in R™
with ||z|| = C. For such z,

(Hz)i(n) = —Ai(n)z; + Lin) + Z bii(n) f5(Gijz;), m# T,
(Ha:),(nk) = —-Ai(nk):c,- + Ii(nk) -+ i B,-jk@j(C,-j:cj).

Then

(QHz)i = —Awm: + Ii + % > {Z'bij (n)£i(Gizs) + ) Bijk(bj(cijzj)}
k=1

j=1

and
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|(QHz):| > Ajlz:| — l—f'l

- %Z {Z |bs; (n) | M,; G + Z | BijklL; Cn} |1
j=1 k=1

_ %Z{Z]bu(n)l |fJ(0|+Z|Buk| |®; (O)I}
7j=1

> Ailzi| - |I='I

[(N — p)bi;M;G,; + pBy;L;Cij] |zl

|
2|~

<
i
N

[(N — p)bi;| f;(0)] + pB3;|®;(0)]]

|
z|=

1

Aile| = Y BiM;Gijlzj|

[
1]

>
=1
- 1 & _ -
- {—’i tw [(V — p)bs; | £;(0)] +PBij|‘I’j(0)l]}
j=1
= Az - ZBiijgij|$j| - pi
Jj=1

Thus

IQHz| = Z (QHz)i| 2 Z il - ZZBUM Gijlj| — Zp,

=1 =l j=1

=> (A - M ZBﬁgﬂ) 5l =Y s

i=1 i=1
2 1n‘111n (A - M; Z Bﬁgﬂ) ||l - Zpi
=hm i=1
1_11 (A M Z Bj'lgjz) C - Z Pi-
i=1,m i=1

By condition H5
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m_lI_l_ (/‘i, - M; ZBin’ﬁ) > 0.

i=1lm =1

Then we can choose C > C* so large that

min (fi, - M; i Bj,’Qj,’) C> f:pg.

=lm j=1 =1

Hence for z € 0Q N Ker L we have |QHz|| > 0 and QHz # 0, that is,
condition (b) of Lemma 1 is satisfied.

To prove (c), we define the mapping (QH), : DomL x [0,1] — X by
(QH), = —pA+ (1 — p)QH, where Az = (A;21, Aszs, . .. yAnz)T.
For z € 002 N Ker L we have

((QH)yx)i = _A~ixi
+ (1-p {f,- + %Z (Zlbij(n)fj(Giﬂj) +> Bijk‘I’j(Cijxj)) } -

As above, we obtain

(QH),z| > irill% (zi - M; ZBjigji) C - Z pi > 0.

7=1 i=1

This means that (QH),z # 0 for z € 82N Ker L and x € [0,1]. From
the homotopy invariance of the Brouwer degree, it follows that

deg (QH, QN Ker L, 0) = deg (—A, QNKer L, 0) = (—1)™ # 0.

According to Lemma 1 the equation (7) has at least one N-periodic
solution. This completes the proof of Theorem 1.

4. Proof of the global exponential stability of the periodic so-
lution.  Let g,;(£) = max{g;;(¢), c;;(£)}, %,5 =1,m, £=T1,N. Clearly,

N
Zgzj(g) = gij) 27.7 = 1am'

=1
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Lemma 3. Assume that condition H6 holds. Then there exists 2> 1 such

that for any i =1,m, n € Iy and X € (1, A] we have

m N
A1 - Ain)) + M D B Y MHg(e) —1<0.

i=1 £=1

Proof. Let us introduce the functions

m N
Fin(A) = A(1 — Ai(n)) + M; Z B;; Z /\H_lgji(g) -1

j=1 £=1

for A € [1,400). It is easily seen that Fj, are continuous and increasing on
[1,+00). From condition H6 we have

Fin(1) = —Ai(n) + M; ZBjigji <- <A.' - M; ZBjigji) <0.
j=1 j=1
Since  lim Fin()) = 400, there exist constants A > 1 such that
Fin(Min) = 0 and Fj,(A) <O on (1, Xin)- If we set

A= min g,
i=1,m, n€ly

then for any ¢ = 1,m, n € Iy we have Fj,(A) < 0 for A € (1,)]. This
completes the proof of the lemma. O

Now let us suppose that z*(n) = (z}(n),z3(n),-.. ,2(n))T is an N-
periodic solution of equation (7), and z(n) = (z1(n), z2(n), ... ,Tm(n))" is
any solution of (7) for n > 0, defined at least for n > —N.

From (7) and (8) for n € Z§ = {n € Z: n > 0}, n # ni we derive

zi(n+1) = 2i(n+1) = (1 = Ai(n))(zi(n) - zi(n))

m N N
+>_ bi(n) {f:i (Z 9ij(0)z;(n — 5)) - fi (Z 9i;(O)z;(n — f)) } :
j=1 =1 =1
and hence,

jzi(n+ 1) = 2} (n + 1)| < (1 - Ai(n))|zi(n) — 27 ()]
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+3 BM; Y gii(D)lwi(n — &) — 75 (n— £,

j=1 £=1

while for n = n; we have

|zi(ni + 1) — 25 (s + 1)) < (1 = Ai(ni))wa(ma) — 27 (na)|

m N
+Z§iij Zcij(e)lxj(nk —£) — zj(nx — £)].

£=1

Now we introduce the quantities
y'l(n) = ’\nlzi(n) - IL':(’H,)i, A€ (11}.]’ t=1m, n2 —N.

Then for n € Z{, n # ni we have

viln+1) = A" z(n+1) —zf(n+1)| < A1 — Ai(n))|zi(n) — zf (n)]

m N
+Aﬂ+1 ZE,‘ij Zgij(f){xj(n - Z) - x;(n - f)l

j=1 =1

m N
= A(L — A(m)wi(n) + > by M; Yy X+ gy (0)y;(n — ),

j=1 £=1

while for n = ni

(e +1) < A~ Ailm)u() + 32 By 3 AHc5i Oy e — 0.

j=1 £=1

From the last two inequalities we obtain

m N
(A7) wln+1) < AA-Am)w(n) + Y BiyM; Y A, (Dy;(n—1),

j=1 £=1

Ae(1,)], i=1,m, neZ{.



70 H. AKCA, V. COVACHEV, Z. COVACHEVA AND S. MOHAMAD

Now we consider a Lyapunov functional V(n) = V(y1,¥2,-- ,¥m)(n)
defined by

V(n) = Z {y,(n) + Z B;;M; Z Atlg.(o) Z yJ(s)} neZf.

=1 J=1 s=n—1L

Taking into account (17), we estimate the difference AV (n) = V(n +
1) — V(n) for n € Z{:

m m N
AV(n) < { ML= Am)u(n) + Y ByM; Y A+ g (Oy;(n - ¢)

i=1 j=1 =1

+ZB,JM Z/\”lg,J(ﬁ) Z v,(s)

s=n+l1-L
~ yi(n) — Z BiiM,; Z N*g,i(8) Z Y (5)}
s=n—f

= f: { M1 — Ai(n))pi(n) + Z BiiM; Z A*1gi;(Oy;(n) ~ yi(n)}

i=1 i=1 £=1

m m N
= Z {)\(1 — Ai(n)) + M; Z Bj; Z )\l+19ﬁ(2) - 1} %i(n).

i=1 j=1 £=1

By virtue of Lemma 3 we have AV (n) < 0 for all n € Z§, which implies that

(18) V(n) <V(0), neZi.

On the other hand, we have

V(n) 2 Zyz(n) Z/\"I:v;(n) - zi(n)]

=1

and
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Vi) = > (0)+ZBUM Z/\‘Hg,,(e)zya(S)}

=1 £=1 s=—1
=y {%(0) + M; ZB Z,\‘“gﬁ (8) Z y,(s)}
i=1 s=—£
< ¥ {1 + MDD By 0‘“9,,(0} sup 4i(s)
i=1 7=1 =1
< ;{1 +M,?_:B,,Z£A }"Iél]ﬁ lzi(s) — 27 (s)],
where I_y = {-N,-N +1,...,-1,0}. Here we used the fact that 1 < \ <

Thus from inequality (18) we obtain

; [z:{n) — z{(n)| < Mxnggﬁ{v |z:(s) — 22 (s)], n e,

where

m N
M = max (1 +M; > By Zﬁ‘“gﬁ(e)) :
=1 £=1

i=1,m

This completes the proof of Theorem 2.
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